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Brownian Brownian Motion

A binary branching Brownian motion {(Xs(u) : s <'t): u € N;}:

e Start with one particle undergoing standard Brownian motion. After an
independent Exponential(1) time, it splits into two offspring.

e Offspring begin independent Brownian motions from the splitting point
and repeat the process independently.

Branching Brownian Motion (Trajectories Over Time)
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BBM viewed as Correlated Gaussian processes



ching Brownian motion

Bramson’83: The maximum M; := max,ca, X¢(u) satisfies

t) Tﬂ) randomly shifted Gumbel r.v.
— 00

3
M, — (vV2t — ——1n
2v2
e Comparing with i.i.d. case: M@ — (/2t — —L_Int) %’}V—) Gumbel.

2v/2
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Universality: 2-dim Gaussian free field, Cover time of planar random walks,

maximum of local times of random walks, ...



Level sets

For y € R, define the size of y-level set at time t as

Lily.o0) := 3 1(X(v) 2 y).

uENr

Log(Number of Particles)

0

e The result of Bramson implies that the y/2t-level set is empty for large t.

e An appropriate scale we should look at is xt-level set for x € [0, \/5)



Law of Large numbers for Level sets

Biggins’79; Glenz, Kistler, Schmidt’18: For the intermediate high
level set x € (0, \@) the law of large numbers holds:
Lt[Xt.-7 OO) a.s.
EL;[xt,00) t—oo

W%(X)

where EL;[xt, 00) ~ e(l_%)f, and Wo.(x) > 0 is some r.v.

xV2rt

Lgd[xt,oo) a.s.

—— 1.

e Comparing with i.i.d. case:

EL¢[xt,©) 00

Biggins'79: gy Muen; f(Xe(u) — xt) T"_f—o: Woo (x) [ f(h)e *'xdh,

Biskup-Louidor'19: A stronger version holds for 2-dim Gaussian free field. 4
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Reminder: For x € (0,+/2), typically L¢[xt, 00) ~ Y Woo (x).

Q1. Tail probability of W,,(x).
e What is the decay rate of P(W.(x) > y) as y — oo?

e What happens when conditioned on W,,(x) being unusually large?
Q2. Upper large deviation of the level set L;[xt,c0).
Take x > 0 and (1—X2—2)+<a<1.

e What is the decay rate of P(L;[xt,00) > e") as t — 00?

e What happens when conditioned on L;[xt, o) being atipically large ?

Other interesting questions: lower deviation? In particular, hard wall constriant

P(L:[~00,0) = 0)?



Martingale Limits of branching
random walks



Branching random walk: (V(v),u € T)

BRW with i.i.d. displacement:

e Sample a GW tree T with root p, (e, e € E(T)) are i.i.d. r.v.’s

e For each non-root vertex u € T, define V/(u) := 3" cpain(p,u) Se-
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Examples:
e Gaussian free field on binary tree: 7 = binary tree and & ~ N/(0,1).

e A slight generalization includes binary branching Brownian motion.



Additive martingales

The log-Laplace transform:

ev) .= R Z e V() (0, 4o0].
Jul=1

e BBM: ¢(0) :=1+ %. e GFF on binary tree: ¢(0) = log2 + 9—22

Additive martingales:

=) e Vmvln >0, EW,(6) =1.

|ul=n

Biggins's criterion: P(W,. () > 0) > 0 iff 6¢'(0) — ¢ (0) < 0.

e BBM: |A| < /2. @ GFF on binary tree: |0] < \/2log2.

Rmk: W.L.O.G. set § = 1 and ¢)(1) = 0. Then W, := >, _ e "®) — W



Tail of additive martingale limit

Assumption: 3k > 1 such that (k) =0, i.e,, E [Z|u|:1 e*"‘V(“)] =1 .

(For BBM, we regard V/(u) as (% +1)n — x Xp(u) for u € Ny. Then k = X%)

Liu’00: Exact decay rate of tail probability

P(Wy > y) ~ Cy~", using that W, satisfies some random equation
W £ AW + B with (A, B) independent to W.

i.e., P(In W > y) ~ Ce™"Y if you prefer exponential decay rate for a LDP.

Further Question: What happens when conditioned on the martingale
limit W, being unusually large? (Optimal strategy)



Martingale limit and global minimum

Further Question: What happens when conditioned on W, being
unusually large?

Chen-de Raphélis-M. 24+ (Optimal strategy)

The Global minimum M := min,c7 V/(u) is very negative. Precisely,

P(Wa > x, M+ Inx| > z) < e 22x7",

Key ingredient for the proof: higher moments estimate: for § € (0,1)

supE W:M; min V(u) > —y| < Cuss &Y.
P jul<n

2nd ingredient: Using second moment method, we have P(M < —y) < e~ *Y

Applying Markov inequality,
ed(Inx—2z)

—6z. —k
]P’(WOO>X7M2—Inx+z)§W:e Exr.



Tail of (subcritical) derivative martingale limit

Derivative martingale:

0
= E Vi) — 2
D), 2 n[V 1)n]e™ 9|, W,(0)

Chen-de Raphélis-M. 244: Right tail
(Inx)"

X.‘{

P(Doo > X) ~ CDOQ

Lacoin, Rhodes, Vargas’22, Conjecture: —InP(Dy < —x) =< x7.

(Partial progress was made in Bonnefont-Vargas’23)
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Conditioned BRW

Chen-de Raphélis-M. 24+4: Cond. very negative minimum

™ — T ™Dy M
L Woo, (5\/ —-M | M S —X
& %
= (G, (w’(m) —¢'(1)) Z,Z,8x)
where G is a Gaussian r.v. independent of (Z,&x).
Convert results above to conditioning on very large martingale limit.

Chen-de Raphélis-M. 24+-: Cond. very large mart. limit

(M—an,%, Do | Weo >x)
X

xInx

= (n2- e )

where ¢ ~ Exp(x ) independent of Z.
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Large deviations of level sets of
branching Brownian motion




Large deviation

Typically, for x € (0,v/2), L¢[xt,c0) ~ Woo (x)e( =28,

Aidékon-Hu-Shi’'19: Rate function for LDP
For x > 0 and (1—%2)+<a<1,
P (Le[xt, 00) > &) = e~/(@)ttelt),

where [(a, x) := 2(?7;) -1

2
Can we just replace L¢[xt, 00) by Wi, (x)e =2t to get the correct answer?
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Short proof for upper bound

A short proof for the upper bound using martingale tail inequality.

Note that Wt+5(0) = ZUEN: eGXr(U)—t'l/)(G)ZVE \"“’) eH(X!(V)*X!(U))*Su(@). Letting

s = 00, We get Woo(6) = Syen, e @=O WL with W "= W (6).

P(Le[xt, 00) > ) <P (vvoo(mzef’“—w“’) > vv;ﬁ))
1<k<edt

1 1
Ox—1(0 (k)
<P (Woo(e) > elfx—( )1f5e3f> +P < Sowid < 2e3f>

1<k<edt
< efl‘;g[GXf’Lb(g)‘Fa]t + efee‘“
~ | — ——
Tail of martingale Chernorff’ s—bound

Take the optimal 6 = @ € (0,v/2). Then kg[0x — (0) + a] = I(a, x).
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Precise large deviations estimates

Aidékon-Hu-Shi'19: P (L[xt, c0) > e®) = e (@)t+e(t) where

X2
I(a,X) = m —

Chen-M.’244-: Precise LDP

For x > 0 and (17X2—2)+<a<1,

Y at -2 —l(a,x)t
P(Lt[xt,oo) > —e | ~ Gy e2e I
Z :

x2
Rmk: % is added to match the pre-factor in E[L¢[xt, 00)] ~ . ;ﬂte(l_T)t. Take

y =/t to cancel this factor.
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Level set and Global minimum of global minimum of linearly

transformed BBM

xt

bpt,

Fi(r) = ot —\2(t —r)(t — 7 — at) //’/(

for r < (1—a)t slope=

/M)(fg o l) r—pt

r) = 7+ bpt

a=bp _
T 0

pt (1 = a)t

Observation: BBM hits the green tangent line iff
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Why optimal strategy

Observation: BBM hits the green tangent line iff

Chen-M.’24+ (Optimal strategy)
Forany z > 0

2

0
eat’| _1_(1_7

y
7)

Wi

I(a,x)te—b'z

P(L¢[xt,00) > pt] > z) Se”

1. Hu-Nyrhinen'04: X; > 0 are independent, for any A >0 and t >0

]P(ZX,' >y> < ’Z:;IF’(X,- > %) 4 (M)A

y

2. Apply this inequality to P(L¢[xt, c0) > %eaf 1> — (1 — %2) pt + z) and note that

L¢[xt, 00) Z Lt pt[xt Xpt(u), 00)

LlENpt
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Optimal st y

02
3. We can upper bound P(L¢[xt,c0) > 7 Elpe > — (1 — 7) pt + z) by
a5 (L4t = Xou(u),o0) | Foe] ) et
ue./\fpt eat/\/E - 2
4. Upper bound the blue part by
3 e 2t = =t ()
ueNpr

5. Choose A = kg + 6 = 9% +46 (0 := @) then apply higher moments estimate:

_(1_02y2 B g 9?2
O G (Wi (0) 10 2 —(1 = T)pr+ 2

2., @ 2
< e*(1*7)(07+5)P1‘e5(1—97)pt—6z — o l(ax)t—éz
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BBM conditioned on large level set

(1—a) [x2 —2(1—3)]

Define 6 := @ P = pa—ay

>0and b:=3 =2 > V2

1
Chen-M.’24+: Conditioned on large level sets

(i) (Overlap) Select two particles ul, u? independently and uniformly
from the [xt, co)-level set, then

R(ul, u?) — pt et 0
———— | L;[xt > — ——G
( /*pt | t[X 700) - \/E = 1 _ 92/2

Under the unconditioned probability, R(ul, u?) = Op(1).
(ii) Let v := bp+v/2(1 — p) > /2. Then as t — oo,

max,en, Xu(t) — vt eat> V2 -0
: Lxt,00) > &) = Y21
(et (Lt 00) 2 75 )= s

Under the unconditioned probability, My = v/2t + O(log t).
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Thanks for your attention!
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